An efficient Rayleigh-Ritz approach is presented for analyzing the lateral-torsional buckling ("tripping") behavior of permanent means of access (PMA) structures. Tripping failure is dangerous and often occurs when a stiffener has a tall web plate. For ordinary stiffeners of short web plates, tripping usually occurs after plate local buckling and often happens in plastic range. Since PMA structures have a wide platform for a regular walk-through inspection, they are vulnerable to elastic tripping failure and may take place prior to plate local buckling. Based on an extensive study of finite element linear buckling analysis, a strain distribution is assumed for PMA platforms. The total potential energy functional, with a parametric expression of different supporting members (flat bar, T-stiffener and angle stiffener), is formulated, and the critical tripping stress is obtained using eigenvalue approach. The method offers advantages over commonly used finite element analysis because it is mesh-free and requires only five degrees of freedom; therefore the solution process is rapid and suitable for design space exploration. The numerical results are in agreement with NX NASTRAN [1] linear buckling analysis. Design recommendations are proposed based on extensive parametric studies.
NOMENCLATURE

A f , A w , A m , A mf
Area of flange, web, mid stiffener web, and mid stiffener flange a 0 , a 1 Distance of the neutral axis of lateral bending for the flange and the midstiffener, respectively, defined in 3 , f 4 , f 5 Shape function defined in Eq. (7 Mode number = number of half waves lengthwise Π Total potential energy due to bending-torsional deformation
INTRODUCTION AND OVERVIEW
In early January 2005, The International Maritime Organization (IMO) introduced "Permanent means of access" (PMA) regulations [2] for gaining access to holds and ballast tanks on oil tankers and bulk carriers. The purpose of the regulations is to provide overall and close-up inspections and thickness measurements of the critical hull structure parts by inspectors, classification society surveyors, crew and others. This can ensure that they are free from damage such as cracks, buckling or deformation due to corrosion, overloading, or contact damage and that thickness diminution over the lifetime is within established limits. In general, a PMA platform is usually a tall web stiffener welded perpendicularly to a side shell or longitudinal bulkhead as shown in Fig. 1 . A PMA platform web height has to be wide enough to provide walking space for a hull inspector. Since PMA platforms are integrated to hull structures similar to standard longitudinal stiffeners, they are regarded as structural strength members and are designed to withstand the applied hull girder loads. A PMA platform is much wider than an ordinary stiffener, so a supporting member, usually a flat bar, is welded onto the middle of the platform to prevent web plate local buckling and flange plate tripping. There have been very few studies on PMA structures because of the relatively new regulation requirements, and the buckling behavior of PMA structures is not well understood. Regular stiffener buckling formulas given by classification societies [3, 4] are not usually applicable to PMA structures due to their unique configuration. The design of a PMA structure is often a result of satisfying the scantling requirements of local support members described in CSR Sec.10 Pt.2 [5] , which may underestimate the tripping limit state of PMA structures.
Fig. 1. A Permanent means of access structure
Stiffener tripping is more dangerous than local plate buckling or overall buckling, and is regarded as structure collapse because once tripping occurs the plating is left with no stiffening and collapse follows immediately. The few formulations that exist are mainly adaptations of Timoshenko"s lateral-torsional thin-walled beam theory [6] , the main modification to that theory being an enforced axis of rotation, instead of the natural rotational axis of the beam cross-section. Analytical methods for solving stiffener tripping fall into two categories: differential equation approaches and total potential energy approaches. Literature reviews in this area were given in Hu et al [7] , Hughes and Ma [8] , and Sheikh et al [9] . Despite successful research in this area, the developed models cannot be directly utilized for PMA structures because of their unique profiles. Consequently, only general finite element (FE) analysis can be used as a reliable method for the assessment of the ultimate strength of PMA structures. Recently, Jang and Ma [10] proposed a Rayleigh-Ritz method to analyze the lateral-torsional buckling of PMA structure. This study is a continuation of the authors" previous study. It provides parametric formulation for different types of web plate supporting stiffener (flat bar, T-stiffener and angle stiffener), as well as the location of the stiffener. The numerical results are in agreement with NX NASTRAN linear buckling analysis. Design recommendations are proposed based on extensive parametric studies.
THEORY
PMA Strain distribution assumptions
A PMA structure consists of shell plating, a tall web plate, a flange plate and a web plate supporting stiffener, as shown in Fig. 1 . For asymmetric cross-section beamcolumn assembly, it is well known that vertical bending, sideways bending and torsion are closely coupled. However, because of the short frame span and a relatively large gyradius in vertical direction, the coupling effect of Euler buckling and lateral torsional buckling can be ignored. The assumption is further confirmed by NX NASTRAN linear buckling analysis.
Three types of models, the "plate" model, the "pinned" model and the "fixed" model, were constructed for an initial finite element linear buckling study. MAESTRO [11] was used to create the geometries, loads and boundary conditions because of its parametric feature of generating multiple models efficiently. Models were then translated to a NASTRAN data file and to carry out linear buckling analysis using NX NASTRAN. The "plate" model consists of a PMA structure, a shell plate and four stiffeners. The PMA structure has a web plate of 1100 mm wide and 8 mm thick while its flange is 150 mm wide and 10 mm thick. The mid stiffener is a 250 mm wide and 13 mm thick flat bar. The smaller stiffeners have a 250X8 web plate and a 100X10 flange plate. The stiffener spacing is 440 mm. The "plate" model was simply supported along the four edges of the base plate and rotation along the edges of base plate is allowed, as shown in Fig. 2(a) . The "pinned" model consists only of a PMA structure with the root of the web plate simply supported, as shown in Fig. 2(b) . The "fixed" model is the same as the pinned model with the addition of the rotational constraint along the web root, as shown in Fig. 2(c) . A unit axial pressure load is applied at both ends of the models. The purpose of the initial study is to assess the coupling effect of Euler buckling and lateral torsional buckling, the effect of plate rotational constraint, and the strain distribution of the PMA structure.
(a) "Plate" (b)"Pinnded (c) "Fixed" The tripping mode shape is shown in Fig. 3 , and the critical tripping stresses are plotted in Fig. 4 . The result showed that critical tripping stresses were almost identical for the three types of models in a practical design range (l=4000 mm to l=6000 mm), indicating that the coupling effect between Euler buckling and the tripping, and plate rotational constraint can be ignored. The models presented here are single bay models. However, 3-bay models and different mesh density models were also analyzed using NX NASTRAN. The results were almost identical. Based on plate elements" mid-plane stress distribution from NX NASTRAN, the strain distribution of a PMA structure can be assumed as the following, The proposed strain distribution is similar to Hughes and Ma"s [8] assumption for asymmetric stiffener tripping. Note that a PMA structure does not have a single lateral bending neutral axis because of the flexibility of the web plate. The neutral axis of the flange plate, a 0 , is very close to the web plate. a 0 and a 1 The flange plate strain energy associated with a 0 , ∫ is very small comparing to other terms. For simplicity, it is ignored in this study, which implies a 0 is set to 0.
Displacement Field
The deformation of the cross section can be described approximately by a displacement field that has five degrees of freedom 
and for the mid stiffener,
The flexural displacement v w of the web, of which the maximum value is v T in Fig. 6 , is obtained by assuming that the web buckles out-of-plane as a 5th order polynomial, so that
By using Eq. (5) and Eq. (6), the polynomials can be written as when =1/2the shape functions become, as shown in [10] , If the web rotation is fully restrained at the shell plate connection, then
Total Potential Energy
The derivation of the total potential energy is given in Appendix A. The strain energy stored during buckling can be written as 
are the maximum amplitudes of buckling displacements, and 2m-1 is the number of half waves lengthwise. Substitute the mode shapes (11) to (9) and (10), the total potential energy can be written as,
Where [K L ] is the linear stiffness matrix, and [K G ] is the geometric stiffness matrix. The usual stability condition
were obtained in explicit form using Maple [12] , a mathematical software package. The eigenvalue solution to equation (12) is the critical load, while the corresponding eigenvector {} describes the buckled shape. This eigenvalue problem is 5(2m-1) x 5(2m-1) for the "plate" or "pinned" condition, and 4(2m-1) x 4(2m-1) for the "fixed" condition. The equation can be solved by a numerical eigenvalue routine.
NUMERICAL RESULTS AND COMPARISON OF FEM
PMA structure without shell plating
To validate the present method, a series of calculations for 3 different models were carried out and the results were compared with those of NX NASTRAN. All models were simply supported without plating ("pinned"). The web platform of the PMA structure was 1100 mm wide and 8 mm thick while its flange was 150 mm wide and 10 mm thick. Model-I was supported by a flat bar stiffener 250 mm wide and 13 mm thick, positioned at the middle of the web plate (=0.5). Model-II had the same scantling as Model-I with the flat bar stiffener positioned at =0.5625. Model-III was supported by a T-stiffener with a web height of 187.5 mm and a thickness of 13 mm while its flange had a width of 62.5 mm and a thickness of 13 mm, as shown in Table 1 . The results showed very good agreement between the present study and the linear buckling finite element analysis using NX NASTRAN, as shown in Fig. 7 . Two conclusions can be drawn from the analysis,  Critical tripping stress increases as the supporting stiffener moves towards to the flange plate.  Support from a flat bar stiffener is more effective than support from a T-stiffener. 
Position of mid-stiffener
To further identify the effect of the mid-stiffener position, a series of models with the same cross sectional profile as Model-I were constructed. The length of one set of models was 4500mm, and the length of the other was 6000 mm. The position of the mid flat bar stiffener had a range of =0.5 to =0.65. The results of the present study and NX NASTRAN are shown in Fig. 8 . The plate local buckling stress of the bottom portion of the web plate, which indicates the lower bound and the upper bound of the web plate local buckling, is also plotted in Fig. 8 . The elastic web plate buckling stress is given as following,   For simplicity, use K w =4 for simply supported condition, and K w =6.98 for clamped condition. Figure 8 shows that the web plate local buckling may precede tripping as the mid stiffener moves towards the flange plate. This finding is validated by NX NASTRAN finite element linear buckling analysis. Table 2 gives a summary of tripping stress and local plate buckling stress, and their corresponding modes, where the "plate", the "pinned" and the "fixed" model are defined in section 2.1. 
Shell plate rotational constraint
A shell plate has restraint on the web plate of PMA"s torsion. A simple rotational spring stiffness of the shell plate on the stiffener"s torsion can be found in Hughes and Ma [8] , as the following,
Hu et al. [7] considered the influence of the plate"s buckling mode, and assumed the rotational spring stiffness decreases when the plate is subjected to axial compression. (15) where  crp is the plate critical local buckling stress, f is coefficient based on the plate and stiffener"s buckling modes, and c r is defined as, Two series of finite element models were constructed to study the effect of shell plate rotational constraints. Both series were the "plate" models with the same PMA structure in section 2.1. The shell plate was supported by two 330X8+150X10 T-stiffeners. The stiffener spacing was 880 mm. The only difference was the shell plate thickness; one series" models were 13mm thick and the other series" were 16mm thick. Linear buckling analysis was carried out using NX NASTRAN. Three types of buckling modes; shell plate local buckling, web plate local buckling and PMA tripping, are illustrated in Table  3 . Fig. 9 . One set of results is the buckling stress of the first mode, and the other is the tripping stress. Figure 9 also plots the shell plate local buckling stress, computed using equation (13) with K w =4, and tripping stresses of this study. Figure 9(a) shows the shell plate local buckling that occurs prior to PMA tripping as well as web plate local buckling when >0.5, i.e. the shell plate local buckling modes are dominant. For 16mm shell plate models, the PMA tripping and web local buckling occur prior to shell plate local buckling. Shell plate rotational constraint of equation (14) shows good agreement with the finite element linear buckling results. 
Tripping and web plate local buckling
A convergence study of m, the number of terms in the lengthwise mode shape, was also carried out. The "plate" model is defined in section 3.4 with the shell plate thickness of 13 mm. The "pinned" and the "fixed" model are defined in section 2.1. It can be seen that 5 terms (m=5) were needed for the "plate" model, and four terms (m=4) were needed for the "pinned" and "fixed" models, as shown in Fig. 10 . Further increasing the sinusoidal terms does not improve the results significantly. The results of the present study and the results obtained from NX NASTRAN have excellent agreement for the "plate" model. For the "Pinned" and the "Fixed" model, the results are also in excellent agreement when tripping precedes web plate local buckling, and agree qualitatively when web plate local buckling precedes tripping. It can be concluded that the PMA structure will fail by web plate local buckling after the critical tripping stress reaches maximum. The result of the convergence study also indicates that the tripping mode is the 1 st buckling mode as long as the web plate local buckling is prevented. To validate the assumption, a small plate strip (50mm x 13mm) was added near the center of the bottom half of the web plate to prevent the web plate local buckling mode from occurring first, as shown in Table 3 . The "plate" model without the plate strip is defined in section 2.1. A series of linear buckling analyses using NX NASTRAN were conducted. The results showed proof that tripping indeed became the first mode and were in good agreement with the present method, as shown in Table 3 and Fig. 11 . 
Scantling effect of the mid-stiffener and the flange plate
To learn the scantling effect of the mid-stiffener and the flange plate, the model of 16mm shell plate in section 3.4 was used. The length of the model was 4500mm. The critical tripping stress was computed by varying the plate thickness of the mid-stiffener or the flange plate while the plate cross-sectional area remained a constant. The results of the mid-stiffener are shown in Fig. 12 , and the results of the flange plate are shown in Fig. 13 . The following conclusions can be drawn from the analyses of the prototype model,  The most effective way to increase critical tripping stress is to move the mid-stiffener towards to the flange plate (increasing .
 Increase the width of the flange plate will effectively increase the critical tripping stress.  The PMA tripping strength is not necessarily improved by increasing the width of the midstiffener web plate. 
CONCLUSIONS AND DESIGN RECOMMENDATIONS
An energy method has been presented for analyzing the tripping behavior of Permanent Means of Access Structures subjected to axial compression. The results showed very good agreement with finite element linear buckling analysis NX NASTRAN. The method is able to accurately predict not only the PMA tripping stress, but also the web plate local buckling stress. A transition point of tripping failure and web local buckling failure can be identified using the present method. The following observations, results and conclusions can be drawn from the study:  Because of the wide platform of a typical PMA structure, tripping often occurs in the elastic range and may happen prior to plate local buckling.  To increase the PMA structure"s tripping resistance, the mid-stiffener should be moved towards the flange as far as possible, provided the bottom half of the web plate"s local buckling is prevented.  The most effective way to increase critical tripping stress is to position the supporting mid-stiffener towards the flange plate.  Adding a small stiffener support at the bottom half of the web plate, in conjunction with moving the mid-stiffener towards to the flange, will greatly increase the critical tripping stress and the web local buckling stress of the PMA structure.  The fact of the critical tripping stresses being almost identical for the "plate" model and the "pinned" model indicated that the shell plate rotational constraint has very little effect on the PMA"s tripping failure; i.e. even if the shell plate fails by local buckling and provides no rotational support to the PMA structure, the critical tripping stress of PMA structure will remain the same.  To increase the critical tripping stress, it is effective to increase the width of the flange plate. However, it is not very effective to increase the width of the mid-stiffener web plate.  Using flat bars to support web platforms is more effective than using T-stiffeners. The derivation can be found in many books. The strains in an arbitrary location of a plate component can be written as
